The generalized second law of thermodynamics in Hofava-Lifshitz cosmology 
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We investigate the validity of the generalized second law of thermodynamics in a universe governed 
by Hofava-Lifshitz gravity. Under the equilibrium assumption, that is in the late-time cosmological 
regime, we calculate separately the entropy time- variation for the matter fluid and, using the mod- 
ified entropy relation, that of the apparent horizon itself. We find that under detailed balance the 
generalized second law is generally valid for flat and closed geometry and it is conditionally valid 
for an open universe, while beyond detailed balance it is only conditionally valid for all curvatures. 
Furthermore, we also follow the effective approach showing that it can lead to misleading results. 
The non-complete validity of the generalized second law could either provide a suggestion for its 
different application, or act as an additional problematic feature of Hoi^ava-Lifshitz gravity. 

PACS numbers: 98.80.Cq, 04.50. Kd 



I. INTRODUCTION 

Almost one year ago, Hofava proposed a power- 
counting renormalizable, ultra-violet (UV) complete the- 
ory of gravity Although presenting an infrared 
(IR) fixed point, namely General Relativity, in the UV 
the theory possesses a fixed point with an anisotropic, 
Lifshitz scaling between time and space. These novel 
features led many authors to examine and extend the 
properties of the theory itself (B-fslj. and furthermore to 
apply it as a cosmological framework, constructing the 
so-called Hofava-Lifshitz cosmology [H, [s^l- Amongst 
the very interesting ph ysic al implications are the novel 
solution subclasses (3J-|52[, the gravitational wave pro- 
duction [ssl - fssj . the perturbation spectrum [59l - l68| . the 
matter bounce |69l - [74j . the dark energy phenomenology 
[75l - [8l| . the astrophysical phenomenology ^-'86^, and 
the observational constraints on the theory [87 89] . 

A specific direction of the research on the topic is the 
investigation of the thermodynamic properties of Hofava- 
Lifshitz gravity, a project that is crucially con necte d to 
the black hole properties in such a theory [90l - llll |. In 
particular, due to the well known conn ection between 
thermodynamics and gravity (see Ill2j and references 
therein), one is able to express the field equations as a 
first law of thermodynamics (however the inverse proce- 
dure is not always possible, that is starting from ther- 
modynamics to extract the general field equations, with- 
out this implying that the specific gravitational theory 
is inconsistent ^ ) . Additionally, the aforementioned ther- 
modynamic interpretation of the field equations can be 
extended in cosmology, and it is applicable to any horizon 
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provided t hat the gravitational theory is diffeomorphism 
invariant |ll3j |. Having in mind that Hofava-Lifshitz 
gravity is not diffeomorphism invariant, and thus in cos- 
mological frameworks one has to use the apparent hori- 
zon [114] instead of an arbitrary one, some authors have 
investigated the connection between the firs t law of t her- 
modynamics and the Friedmann equations jll5l4ll8 [. 

In order to interpret the Friedmann equations of 
Hofava-Lifshitz cosmology thermodynamically, one faces 
two possible approaches. The first and correct one is to 
consider a universe containing only the matter fluid, and 
calculate the horizon entropy using the modifled rela- 
tion for the black hole entropy in Hofava-Lifshitz gravity 
|ll8j |. The second approach is to absorb all the extra 
information of Hofava-Lifshitz cosmology in an effective 
dark energy component, and thus to consider a universe 
containing the matter and the effective dark energy fluid 
in a general-relativity background, that is calculate the 
horizon entropy u sing the standard relation for the black 
hole entropy [115l . Ill6l | . Interestingly, while with the sec- 
ond approach one obtains exactly the standard Fried- 
mann equations, with the flrst one he acquires some addi- 
tional corrections, and the two results coinc ide o nly in the 
zero- curvature or in the low energy limit jll8| (see also 
(ll9j |V However, we should stress that the first approach 
is the robust one since it treats the gravitational sector 
separately and completely, taking into account its radi- 
cal effects on the geometry, while the second approach 
deflnes naively an effective "gravitationally-originated" 
fluid and treating it as a conventional fluid, not taking 
into account that gravity is not only an "actor" but a "di- 
rector", too. Finally, the better theoretical background 
of the first approach becomes obvious in the fact that it 
is followed in all the thermodynamic studies of various 
alternative gravitational theories jl20l |. 

In the present work we are interested in investigating 
the validity of the generalized second law of thermody- 
namics in the context of Hofava-Lifshitz cosmology. We 
follow the exact and robust approach, that is we use the 
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modified entropy relation as it has been calculated in the 
specific context of Hofava-Lifshitz gravity. Under the 
equilibrium assumption between the universe interior and 
the horizon, which is expected to ba valid at late cosmo- 
logical times, we find that the generalized second law is 
only conditionally valid. For completeness, we also fol- 
low the discussed effective approach, showing that it can 
lead to misleading results. The plan of the work is as 
follows: in section [II] we present the cosmology of a uni- 
verse governed by Hofava-Lifshitz gravity and in section 
mil we investigate the validity of the generalized second 
law of thermodynamics. In section IIVI we perform the 
same analysis following the effective approach. Finally, 
in section |V] we discuss and we summarize the obtained 
results. 



II. HORAVA-LIFSHITZ COSMOLOGY 

In this section we briefly review the scenario where 
the cosmological evolution is governed by Hofava-Lifshitz 
gravity i32, 33]. The dynamical variables are the lapse 
and shift functions, N and Ni respectively, and the spa- 
tial metric gij (roman letters indicate spatial indices) . In 
terms of these fields the full metric is written as: 



-N'^dt^ + g,j{dx' + N'dt){dx^ + N^dt), (1) 



where indices are raised and lowered using gij. The 
scaling transformation of the coordinates reads: t — > 
I'^t and — )■ Ix^. 

The gravitational action is decomposed into a kinetic 
and a potential part as S'g = / dtd^Xy/gN{CK+^v)- The 
assumption of detailed balance [3] reduces the possible 
terms in the LagrangM,n, and it allows for a quantum 
inheritance principle since the {D + l)-dimensional 
theory acquires the renormalization properties of the D- 
dimensional one. Under the detailed balance condition 
the full action of Hofava-Lifshitz gravity is given by 



Sn 



J dtd^Xy/^N l^-^{K,jK'^ - XK^) 



1 -4A 



where 



8(3A- 1) 



-R-' + AR- 3A^ 



is the extrinsic curvature and 

ijk 



V5 



V,{Rl- R51) 



(2) 



(3) 



(4) 



the Cotton tensor, and the covariant derivatives are de- 
fined with respect to the spatial metric gij. e^^^ is the 



totally antisymmetric unit tensor, A is a dimensionless 
constant and the variables k, w and are constants with 
mass dimensions —1, and 1, respectively. Finally, we 
mention that in action ^ we have already performed the 
usual analytic continuation of the parameters and w of 
the original version of Hofava-Lifshitz gravity, since such 
a procedure is required in order to obtain a realistic cos- 
mology |M,i38, 96, 115] (although it could fatally affect 
the gravitational theory itself). Therefore, in the present 
work A is a positive constant, which as usual is related 
to the cosmological constant in the IR limit. 

Lastly, in order to incorporate the (dark plus baryonic) 
matter component one adds a cosmological stress-energy 
tensor to the gravitational field equations, by demanding 
to recover the usual gen eral relativity formulation in the 
low-energy limit [Tsl. IItI, l48j . Thus, this matter-tensor is 
a hydrodynamical approximation with its energy density 
Pm and pressure pm (or pu and its equation-of-state 
parameter wm = Pm/ Pm) as parameters. 

Now, in order to focus on cosmological frameworks, we 
impose the so called projectability condition [Tlj and use 
a Friedmann-Robertson- Walker (FRW) metric. 



iV=l , g,^=a^{t)-f,j , iV' = 



with 



7y- 



dx'^dx^ = 



dr^ 



1 — kr^ 



r^dnl , 



(5) 



(6) 



where k = —1,0,-1-1 corresponding to open, fiat, and 
closed universe respectively. By varying N and gij, we 
obtain the equations of motion: 



Pm ■ 



6(3A- 1) 

6(3A- 1) 
K-^fi^Ak 
8(3A- l)2a2 



8(3A- l)a'i ^ 8(3A- 1) 



(7) 



"4(3A-1)™^ 



4(3A- 1 

K'^fl^Ak 

16(3A- l)2a2 



3k2^2a2 



8(3A-l)a4 8(3A-1) 



(8) 



where we have defined the Hubble parameter as H = ^. 
The term proportional to is the usual "dark radia- 
tion term" , present in Hofava-Lifshitz cosmology [32 , 33j , 
while the constant term is just the explicit cosmological 
constant. Finally, as usual, pM follows the standard evo- 
lution equation 



Pm + 'iH{l + wm)pm = 0. 



(9) 
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As a last step, requiring these expressions to coincide 
with the standard Friedmann equations, in units where 
c = 1 we set fHlli: 



^cosn 

8(3A- 1) 



167r(3A - 1) 



the breaking of diffeomorphism invariance leaves us the 
apparent horizon as a reasonable choice. 

The dynamical apparent horizon, a marginally trapped 
surface with vanishing expansion, is in general deter- 
mined by the relation h^^difdjf — 0, which implies that 
the vector Vf i s nul l (or degenerate) on the apparent 
horizon surface jll4] . In a metric of the form ds^ = 
(10) h.jdx'dx^ + Pdfll, with h,j = diag(-l,aV(l - kr^)), 



where Gcosmo is the "cosmological" Newton's constant. 
We mention that in theories with Lorentz invariance 
breaking (such is Hoi^ava-Lifshitz one) the "gravitational" 
Newton's constant Ggrav, that is the one that is present 
in the gravitational action, does not coincide with the 
"cosmological" Newton's constant Gcosmo, that is the one 
that is present in Fri edma nn equations, unless Lorentz in- 
variance is restored jl2l| . For completeness we mention 
that in our case 



32^' 



(11) 



as it can be straightforwardly read from the action ([2|). 
Thus, it becomes obvious that in the IR (A = 1), where 
Lorentz invariance is restored, Gcosmo and Ggrav coincide. 

Using the above identifications, we can re-write the 
Friedmann equations ([7]), ([5]) as 



k SttGc 



-PAI 



Jf_ A 

2Aa4 2" 



-47rGc 



^wmPm - 



3A 



4Aa4 



(12) 



(13) 



III. GENERALIZED SECOND LAW OF 
THERMODYNAMICS 

Having presented the cosmological scenario of a uni- 
verse governed by Hof ava-Lifshitz gravity, we proceed to 
an investigation of its thermodynamic properties, and in 
particular of the generalized second thermodynamic law 
(although the re is still missing a robust proof for its gen- 
eral validity) |122| - |132 [. As it is usual in the literature, 
one considers the universe as a thermodynamical system. 
However, a priori it is not trivial what should be the "ra- 
dius" of the system in order to acquire a consistent de- 
scription. This subject becomes mo re im portant under 
the light of use of black-hole physics jl33l | in a cosmolog- 
ical framework ^134. 135]. that is connecting the 'radius' 
and 'area' of the universe with its temperature and en- 
tropy respectively. As we mentioned in the Introduction, 
the thermodynamic interpretation of field equations can 
be applicable for any horizon, provided that the grav- 
itational theory is diffeomorphism invariant |ll2l 113 1, 
however the apparent horizon is widely used in the lit- 
erature either in flat [l36l - [l38t or in non-fiat FRW ge- 
ometry |l39l . Il40j | . In the case of Hof ava-Lifshitz gravity. 



i,j — 0, 1, it writes 114]: 



rA 



k 

777 



(14) 



In summary, we consider the universe as a thermodynam- 
ical system with the apparent horizon surface being its 
boundary. 

Let us now proceed to the investigation of the gen- 
eralized second law of thermodynamics. We are going 
to examine whether the sum of the entropy enclosed by 
the apparent horizon and the entropy of the apparent 
horizon itself, is not a decreasing function of time. Sim- 
ple arguments suggest that after equilibrium establishes 
and the universe background geometry becomes FRW, 
all the fluid s in the universe acquire the same tempera- 
ture T |l4ll | , which is moreo ver equal to the temperature 
of the horizon Th |l36l - ll4d |. otherwise the energy flow 
would deform this geometry |l42j |. However, although 
this will certainly be the situation at late times, that is 
when the universe fiuids and the horizon will have in- 
teracted for a long time, it is ambiguous if it will be 
the case at early or intermediate times (for instance the 
present CMB temperature is of the order of 1 Kelvin, 
while the horizon temperature is many orders of magni- 
tude below this figure). However, in order to avoid non- 
equilibrium thermodynamical calculations, which would 
lead to lack of mathematical simplicity and generality, 
the assumption of equilibrium, although restricting, is 
widely disseminated in th e generalized-second-law liter- 
ature [m [Til, [136^14^ . Thus, we wfil follow this as- 
sumption and we will have in mind that our results hold 
only at late times of the universe evolution. 

In general, the apparent horizon is a function of 
time. Thus, a change dvA in time dt will lead to a 
volume-change dV , while the energy and entropy will 
change by dE and dS respectively. However, since in the 
two states there is a common source T^i/, we can con- 
sider that the press ure P and the temperature T remain 
the same Such a consideration is standard 

in thermodynamics, where one considers two equilibrium 
states differing infinitesimally in the extensive variables 
like entropy, energy and volume, while having the same 
values for the intensive variables like temperature and 
pressure. In this case the first law of thermodynamics 
writes TdS = dE -\- PdV, and therefore the dark-matter 
entropy reads (the universe contains only the dark-matter 
fluid and we neglect the radiation sector.): 



dSu = ^{^PAidV + dEM 



(15) 
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where V = 47rr^/3 is the volume of the system bounded 
by the apparent horizon and thus dV — 4:Trf\dfj\. We 
mention here that a thermodynamic identity of the form 
of (1151) has a universal validity, and the information about 
a given system is oi ily en coded in the form of the entropy 
functional S{E, V) jll2j |. In particular, in the case of nor- 
mal materials, this entropy arises because of our coarse 
graining over microscopic degrees of freedom which are 
not tracked in the dynamical evolution, however, in the 
case of spacetime the existence of horizons for a partic- 
ular class of observers makes it mandatory that these 
observers integrate out degrees of freedom hidden by the 
horizon. 

Dividing by dt we obtain 



T 



Pm ^TTf\rA + Em 



(16) 



In this relation the time derivative of the apparent hori- 
zon writes 



47rGc 



(1 + wm)pm 



Aa4 



(17) 



as it easily arises differentiating the Friedmann equation 
^ and using (0). 

In order to connect the thermodynamically relevant 
quantities, namely the energy Em and pressure Pm, with 
the cosmologically relevant ones, namely the energy den- 
sity Pm and the pressure pm, we can straightforwardly 
use: 



Em = 
Pm — 



47r 



3 

wmPm 



(18) 
(19) 



Inserting the time-derivative of ([T5| , along with ([T51) , into 
(flB)) . and using ([9|), we obtain: 

Sm = ^ (1 + ^m) pm 47rfi (f A - HfA) ■ (20) 

At this stage, we have to connect the temperature of 
the matter fluid T to that of the horizon Th ■ As we have 
said, although at early and intermediate times these two 
temperatures do not coincide in general, at late times, af- 
ter the establishment of equilibrium, they become equal, 
that is T = Th- Now, Th has to be related to the geometry 
of the universe. Note that although the association of a 
temperature to a horizon was historically related to black 
holes, it was soon realized that the study of quantum field 
theory in any spacetime with a horizon shows that all 
horizons possess temperatures [I43l4l45 |. In particular, 
an observer who is accelerating through the vacuum state 
in fiat spacetime perceives a horizon and will attribute to 
it Il46l | a temperature T — Ka/ 2'K propo rtional to her ac- 



celeration Ka (for a review, see |l47l4l53j |). We stress that 
the relation connecting the horizon temperature with the 
geometry of the universe depends only on this geometry 
and not on the gravitational sector of the scenario. Thus, 



for spherical (FRW) geometry and accordi ng t o the gen- 
eralization of black hole thermodynamics |133l | to a cos- 
mological framework, the te niper ature of the horizon is 
related to its radius through [112| 



Th 



(21) 



either in general relativity 134 Il35l Il39l . 11401 1 . i'^ mod- 
ified gravitational theories or in Hofava-Lifshitz 
gravity [109} . 

As a last step, we have to connect the entropy of the 
horizon to its radius ta (or equivalently to each area). 
As usual this relation will be the corresponding one for 
black holes, but with the apparent horizon instead of 
the black-hole horizon, and thus it obviously depends on 
the particular gravitational sector of the scenario. In 
the case of black holes in Hofava-Lifshitz gravity, and 
under the detailed balance condition, this expression is 
known (91i . il08i . il09i] and thus its cosmological application 
straightforwardly leads to: 



Sh^ 



32AG2 



kf\ + 2k In ( VvVr^ 



(22) 



where we have also made use of the identifications ([TI 
Note that in the extraction of this relation the authors 
have neglected quantum buoyancy effects near the black 
hole horizon, however such e ffects are expected to bring 
about lower-order corrections |154| and thus relation ((22)) 
captures the main behavior. 

We mention that since we desire to remain general we 
have not imposed the IR limit of Hofava-Lifshitz gravity, 
and thus in the above relation we have not set A = 1. 
Although such a choice would be very reasonable con- 
cerning the late-time epochs of the universe, at very early 
times, where the universe is very small and the UV fea- 
tures of the theory are revealed, the divergence of A from 
1 may be significant. However, since the equilibrium as- 
sumption, which allowed us to equalize the horizon tem- 
perature with that of the universe interior and perform 
the above calculations, is justified only at late times, later 
on we will impose the IR limit of the obtained relations. 
In other words, investigating the intrinsic running char- 
acter of A is very interesting, but it is not need to be 
performed in detail for the present work, since in the end 
of the day one has to imply the late time limit. Such 
an investigation would indeed be very interesting as an 
independent work, without focusing on thermodynamics, 
where one could impose Renormalization Group methods 
to model its running. 

As expected, in relation (1^^ the first term corresponds 
to the standard (general relativity) result, while the sec- 
ond term is the novel one, arising from Hofava-Lifshitz 
gravity. Now, differentiating (P^ we finally acquire 



Sh = 



n'k 



16GL 



-TATA 



16AG2 



-^TA- 



(23) 



Let us now proceed to the calculation of the total en- 
tropy variation. Adding relations (|20l) and (P5|) . with T 
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given by (|211) . we find: 

Stot = Sm + Sh = STT^f^ {ta - Ht-a) (1 + wm)pm 



16G2 



Am 



f^.(24) 



riff 



Ti^f\{l + wm)pm + 



16G2 „„Af/ 



Thus, substituting also ta by ([TT]) we result to: 



Finally, at late times, where equilibration between the 
horizon and the universe interior had been established, A 



J 



(1 + wm)pm 
'3A- 1 



- 1 



7r(3A - l)f^ff P 



8^'fii/(l + WM)pM. (25) 



has taken its IR limit (A ~ 1) and thus the above relation 
becomes: 



Su 



Stt f^(l + wm)pm + 



GMa 



47rG(l 
I 



fc2 



GAa4 ' 



(26) 



where we have simplified the notation using G for the 
Newton's constant, since in the IR limit Gcosmo and Ggiav 
coincide. 

Relations and I^E^ provide the expression for the 
total entropy variation rate in a universe governed by 
Hofava-Lifshitz gravity. Let us examine its sign. Obvi- 
ously, for a flat or closed universe Stot > (we remind 
that due to analytic continuation in the present work A 
is always positive and A > 1) and thus the generalized 
second law of thermodynamics is valid. We mention that 
this result holds independently of the matter equation-of- 
state parameters and of the background geometry, pro- 
vided it is FRW. 

However, for an open universe (fc — —1), in order to ac- 
quire Stot > one has to have a non-zero matter compo- 
nent. In the limiting case where matter is absent one can 
easily see that Stot > if Af\ > 1, or using the explicit 
form for ta (from relations (fT4|) and ^T2\\ ) if Aa^ > 1. 
Thus, the generalized second law is always violated for 
sufficiently small scale factors (provided that we are still 
in the late-time cosmological regime) . The reason for this 
arises from the modified horizon entropy relation ()22|) . 
Clearly, the presence of the curvature as a coefficient of 
the correction term means that Sh can be negative for 
k = —1 unless Af^ > 1. Thus, since in the absence of 
matter Stot and Sh coincide, the aforementioned viola- 
tion of the generalized second law is implied. 

The above analysis has been performed under the 
detailed-balance condition, since in this case the rela- 
tion for black-hole (and thus for the apparent horizon) 
entropy, is well known. However, detail balance is not 



at all a requirement and one can straightforward go be- 
yond it and repeat the aforementioned steps, but with the 
new entropy relation that will arise from the correspond- 
ing black hole solutions (and of course with the new va 
that will arise from the new Friedmann equations). Ex- 
tracting the black hole entropy in Hofava-Lifshitz grav- 
ity without detailed balance is an independent task of 
its own, and one can have a variety of results ac cord - 
ing to the specific form of detail-balance breaking |lOl|. 
Thus, one should in principle examine the validity of the 
generalized second law in each case separately. However, 
in all cases our result will be qualitatively maintained. 
The reason is the following: As it has been extensively 
stated in the literature j32l. l33l|. Hofava-Lifshitz cosmol- 
ogy coincides completely with ACDM if one ignores the 
curvature and imposes the IR limit. Thus, all modifi- 
cations in the black hole entropy of various versions of 
non-detailed-balance Hofava-Lifshitz gravity will depend 
on the curvature, while the entropy relations will always 
include the standard (general relativity) basic term. Note 
however that the sign of the correction term will also de- 
pend on the sign of the coefficients of the higher curvature 
terms needed to break the detail balance, and thus the 
overall sign will be arbitrary Therefore, for all the 
specific versions of Hofava-Lifshitz gravity, the resulting 
Stot will be different, but always of the structure of 
that is with a conditionally negative contribution for all 
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possible curvatures. 



IV. GENERALIZED SECOND LAW OF 
THERMODYNAMICS: AN EFFECTIVE BUT 
INCONSISTENT APPROACH 

In the previous section we examined the vaUdity of 
the generahzed second law of thermodynamics in Hof ava- 
Lifshitz cosmology, following the robust approach of con- 
sidering a universe containing only matter and incorpo- 
rating the extra information of Hofava-Lifshitz gravity 
through the modified entropy relation. However, as we 
discussed in the Introduction, in the case of the first law 
of thermodynamics some authors have chosen a differ- 
ent approach, that is to absorb all the extra information 
of Hofava-Lifshitz gravity into an effective dark energy 
fluid, and thus considering a universe containing matter 
plus this e ffective fluid, in a general relativity background 
However, this approach does not possess the 
transparent theoretical justification of the previous one, 
and can be misleading in the case where gravitational 
phenomena are important (for example one could find 
wrong black-hole properties in such an "effective" uni- 
verse comparing to those of the real one). In order to 
reveal this problematic behavior and in order to be com- 
plete and comparable with part of the literature, in this 
section we investigate the generalized second law follow- 
ing this effective description of Hoi^ava-Lifshitz cosmol- 
ogy- 



where wde = Pde/pde is the effective dark energy 
equation-of-state parameter. Finally, using the above 
definitions, we can re- write the Friedmann equations 
(II1|),(II31) in the standard form: 



SttGc 



-(pm + Pde) 



2a2 



= -47ra 



M 



' Pm + Pde 



(32) 



Pde)- 
(33) 



B. Generalized second law of thermodynamics 

Following the effective approach to Hofava-Lifshitz 
cosmology we assume that the universe contains the mat- 
ter and the dark energy fluid, in a general relativity back- 
ground. Thus, all the extra information is included inside 
Pjje and pde, and the problem is equivalent with the 
one in Einstein gravity but with two fluids. Repeating 
the steps of section IIIII for two fluids we easily find 



Sde = ^ (1 + Wde) Pde 47rf^ (r^ - Hta) (34) 
Sm = ^ + wm) Pm 4:TTf\{fA - Hva) , (35) 



A. Hofava-Lifshitz cosmology with effective dark 
energy fluid 

Observing the Friedmann equations (I?]),® one can in- 
troduce an effective dark-energy sector defining the en- 
ergy density and pressure as 



Pde 



8(3A-l)a4 8(3A-1) 

8(3A-l)a4 8(3A-1)' 
which after the identifications (ITUl) become 

I / 11,2 



Pde 



Pde 



Pde 



167rGcosmo V^a* 



3A 



(27) 



(28) 



(29) 



167rGc 



Therefore, the effective dark energy incorporates the con- 
tributions from the dark radiation term (proportional to 
a^^) and from the cosmological constant. It is straight- 
forward to show that poE satisfies the standard evolution 
equation: 



Pde + SH{1 + wde)pde = 0, 



(31) 



while in this case differentiation of the Friedmann equa- 
tion (P^ . using also (O and (I5T]) . gives 

fA = -inGcosmoHf^ [(1 + wm)pm + (1 + wde)pde] ■ 

(36) 

Note that as we discussed above, at late times, due to 
equilibrium the temperature of the two fiuids will be the 
same, and moreover equal to the temperature of the hori- 
zon Tfi- This horizon temperature is still given by (|2ip . 
since the corresponding relation depends only on the cos- 
mological geometry. Finally, since the (effective) gravita- 
tional sector in now the standard general relativity, the 
horizon entropy will be given by the corresponding stan- 
dard relation 



4G, 



(37) 



(30) Differentiating (I57|) we acquire 



47r 



(3A - l)Gc 



-TArA, 



(38) 



where we have also made use of the identifications ([TO 
and PT|) . 

Adding relations (I311),(I1S]) and (|3H1), we find: 
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Slot = Sde + Sm + Sh = S-TT^f^ {ta " Hta) (1 + wde)pde + (1 + wm)pm 

I 

and thus, substituting also by p6p we result to: 



47r 



(3A-l)Gc 



-f^fA, (39) 



S'tot = 327r G 

cosmo 



(1 + wde)pde + (1 + wm)pm 
2 



3A- 1 



Stt fff^ (1 + wde)pde + (1 + wm)pm 



(40) 



Finally, since the above results, based on the equilibrium 
assumption, hold only for late times, we have to impose 
the IR limit (A = 1) and therefore relation (|40)) becomes 



St„t = 32TT'Gf\H 



(1 + wde)pde + (1 + wm)p 



M 



>o, 

(41) 

where we have simplified the notation using G for the 
Newton's constant, since in the IR limit Gcosmo and Ggrav 
coincide. 

We mention here that the effective approach can be 
straightforwardly extended beyond the detail balance 
condition, in a much more easier way than the approach 
of the previous section. In particular, since one uses the 
standard (general relativity) relation for horizon entropy, 
he does not need to examine the black hole properties at 
all, but only to extract the Friedmann equations and ab- 
sorb all the new information in a modified effective dark 
energy fluid. Thus, result (|41|) will be still valid, but 
Pde can now have many contributions according to the 
specific extension beyond the detail balance. 

A first observation is that Stot is slightly different that 
the one calculated in the previous section, and the two 
results coincide only in the IR and zero-curvature limit. 
This difference has been di scus sed in the case of the 
first thermodynamical law [ll8j |. where coincidence is 
achieved in the same limit too. However, the qualitative 
difference between the two approaches, that is the exact 
and the effective one, is that now we obtain that Stot is 
always non-negative in the IR limit and thus the gener- 
alized second law would be always valid in the late-time 
universe. This partially misleading result reveals that in 
subjects where gravity is involved, one cannot follow a 
completely effective approach and absorb all the gravita- 
tional phenomena inside conventional components. Do- 
ing so one does not take into account the richness of 
the effects of gravity. The fact that the results of the 
two approaches coincide for zero curvature in the IR is 
straightforwardly explained, since in this case the correc- 
tion term in the modified entropy relation (j22p is zero. 



DISCUSSION AND CONCLUSIONS 



In this work we investigated the validity of the gener- 
alized second law of thermodynamics in a universe gov- 
erned by Hofava-Lifshitz gravity. Considering the uni- 
verse as a thermodynamical system bounded by the ap- 
parent horizon, we calculated the entropy time-variation 
of the universe-content as well as that of the horizon, un- 
der the assumption of thermal equilibrium which is ex- 
pected to hold at late times. We stress that we followed 
the theoretically robust approach, that is to consider that 
the universe contains only matter, while the effect of the 
novel gravitational sector of Hofava-Lifshitz gravity was 
incorporated through the modified black-hole (and con- 
sequently horizon) entropy. Additionally, although we 
performed our calculations for an arbitrary A, that is not 
only in the IR limit of the theory, in the end, and in 
order to be consistent with the equilibrium assumption, 
we have to focus on late times and thus impose the IR 
limit. We found that at late times, under detailed bal- 
ance, for flat and closed universe the generalized second 
law is always valid, while for open geometry it is only 
conditionally valid. Going beyond detailed balance the 
generalized second law is only conditionally valid for all 
curvatures. 

The possible violation of the generalized second ther- 
modynamical law in Hofava-Lifshitz cosmology could 
lead to various conclusions (apart from putting the gen- 
eralized second law itself or the equilibrium assumption 
into question). Although conditional validity has been 
found for some horizon choices in other cosmological sce- 
narios too |l55l . Il56j | , one could examine if using an al- 
ternative horizon would lead to a complete validation. 
Usual alternative choices such is the Hubble radius H~^, 
or the future event horizon = da/{Ha^), lead to 
the same result, that is to conditional validity. Neverthe- 
less, one could still search for a suitable horizon in order 
to acquire full validity. However, one should have in mind 
that in Hofava-Lifshitz gravity the physical meaning of 
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a horizon might differ form that in general relativity. In 
particular, in the later the static black-hole horizon and 
the de Sitter horizon are Killi ng horizons, allo wing for an 
application of Euclidean [l33] or thermofield '157] meth- 
ods in order for the horizon temperature to acquire a 
physical meaning. On the other hand, in Hofava-Lifshitz 
gravity under the projectability condition, there exists a 
preferred time slicing which is not orthogonal to the hori- 
zon, which could furthermore be an emergent concept in 
the IR limit [8^ , or particle-dependent (each particle has 
its o wn "light speed" and thus it sees its own "horizon" ) 
[lOl| . Thus, the interpretation of the horizon tempera- 
ture may be diffe rent in the two theories. Finally, as was 
discussed in [lOl| . even without the projectability condi- 
tion, Hofava-Lifshitz gravity still shares the uncertainties 
of non-relativistic theories, which can make the notions 
of entropy and temperature not well-defined. 

A second conclusion could be that the conditional vi- 
olation of the generalized second law is an additional 
problem along with the discussed (not few) concep- 
tual and theoretical problems of Hoi^ava-Lifshitz gravity 
[H [H, [H, H m, [ii- However, the logarithmic cor- 
rection in the black-hole entropy, which is the cause of 
the conditional violation, is not a so exotic term, and in- 
deed it has the same form with the quantum corrections 
on the standard result calculated in loop quantum grav- 
ity (muc h earher t han the appearance of Hofava-Lifshitz 
gravity) [158^173} . Thus, one could deduce that at least 
this point could not be a problematic feature of Hofava- 
Lifshitz gravity. Finally, one can still put into question 
the fact that the black hole production inside the appar- 
ent horizon and its effect on entropy, as well as possible 
entropy bounds on matter, have been neglected. 

In order to be comparable with part of the literature 



and for completeness, we also performed the whole anal- 
ysis following the effective approach, that is to absorb 
all the extra information of Hofava-Lifshitz gravity in 
an effective dark energy sector and consider the result- 
ing universe in a general relativity background. Clearly 
this approach is not theoretically robust, and the fact 
that our final result is partially different than the one of 
the exact approach, offers an additional argument against 
the naive effective incorporation of gravity in applications 
where gravitational phenomena are important (such are 
the thermodynamic properties of the universe) . This was 
already known, and that is why in all thermodynamic in- 
vestigations in other modified gravitational theories the 
authors follo wed t he exact approach instead of the effec- 
tive one (see [l2Clj | and references therein). 

In conclusion, we see that the thermodynamic proper- 
ties of Hofava-Lifshitz gravity, either concerning the first 
law of thermodynamic and its relation to the Friedmann 
equations, or concerning the generalized second law, is 
a very interesting subject that deserves further investi- 
gation. However, one has to be careful and incorporate 
consistently the novel features of the theory. In the end 
of the day, the knowledge acquired from these studies 
will contribute to the acceptance or rejection of Hofava- 
Lifshitz gravity as a description of nature. 
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